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Note : This question paper is meant for all Regular and Private students. Answer all five
questions, Attempt any two parts from each question. All questions carry equal marks.
The blind candidates will be given 60 minutes extra time.

I.  (8) Let m*(E) be finite. Show that E is measurable if anal only if given € > 0 there is a finite
union U of open infervals such that m* (UA E) < €.
(b) Define Gg, F, sets. Show that there are borel sets. Further, show that each open interval is an
Fq setand each closed interval is a Gs-set.
(c)  Show that there exists a non-measurable set in [0, 1). Further, show that if A is any set in R
with m*(A) > 0 then there is a non-measurable set E C A.

2. (a) State and prove Lusin’s Theorem.
_ib)  State and prove Egoroff’s Theorem. Show that finiteness of a measure of the set in the
statement of the theorem is an essential condition.

{c)  State four equivalent conditions for a real valued function fto be measurable. Prove that these
four conditions are equivalent, Further, show that these four statements imply that for each

extended real number o the set {x | f(x) = a} is measurable. Next, show that converse is not
true,

3. (a)  State and prove Monotone Convergence Theorem, Further, also prove that for a sequence of
non-negative measurable functions {f,} which converges to f such that f, < f forali n,

[r=jim [£
1= 0
Next, show that Monotone Convergence Theorem need not hold for decreasing sequence of

functions.
(b) Let fand g be infegrable over E and let C be a constant. Then show that :
L

(i)  The function cfis inlegrable and

J;cf = cfEf.

(ii) - The function f+ g is integrable over E and

ff+g=[f+j9
E ‘B E
(iiiy f<gaethen f f<[g
(¢) Define Vitali Cover. Give an example. State and prove Vitali Covering Lemma.
4,  (a) [ffis bounded and measurable on [g, 5] and

F(x) = J' CF(e) de + Fa)

then prove that F' (x) = f (x) a. e. on [a, 4]. Further, show that the result is true for integrable
functions on |a, b].

(b) (1} If fis absolutely continuous on [g, &] and f' (x) = 0 a. e. then show that £ is constant.
(ii) Show that a function F is an indefinite integral if and only if it is absolutely
continuous. '
’(c) State and prove Minkowski and Halder Inequalities.
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Given f €Ly, 1 Sp <o and €> 0 show that there is a bounded mca.s.urabi_i: fu:3clli?oimé
with |fyy]l € M and |If = full < €. Further, for 1 < p < oo show that there is a step func :
and a continuous function v such that ||f — ¢l| < € and f—wil <€

Prove that for each function g in L, defines a bounded linear functionai ¥ on L, by

R = [ fg

With IF|| = ligll. Further, if g is an integrable function on [0, 1] and suppose there is a
constant M such that :

[ ra] < musil,
for all bounded measurable functions £ then show that g € Lg and liglig £ M.
State and prove Riesz-Representation Theorem,
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